Abstract. It is known that exactness for a discrete group G is equivalent to C*-exactness, i.e., the exactness of the reduced C*-algebra. The problem of whether this equivalence holds for general locally compact groups has recently been reduced by Cave and Zacharias to the case of totally disconnected unimodular groups. We prove that the equivalence does hold for a class of groups that includes all locally compact groups with reduced C*-algebra admitting a tracial state.
Introduction
The property of exactness for locally compact groups has received much attention since it was first introduced and studied by Kirchberg and Wassermann in [13, 14, 15] . In the setting of discrete groups, the theory of exactness is very well developed and connections to dynamics and coarse geometry have long been known [1, 20] . It is also known for a discrete group G that Kirchberg and Wassermann's original definition is equivalent to the apparently weaker condition (here called C*-exactness) that the reduced C*-algebra C* r (G) is exact [14, Theorem 5.2] . It was later shown by Anantharaman-Delaroche [1, Theorem 7.3 ] that the equivalence also holds for inner amenable groups.
More recently, dynamical [1, 4] and coarse geometric [4] characterizations of exactness have been found for locally compact groups. However, it remains a major open problem to determine whether the equivalence of exactness and C*-exactness holds in general, and the problem has recently been reduced to the case of totally disconnected locally compact (tdlc) unimodular groups [6] . In other words, if there is an example of a non-exact locally compact group G with exact reduced C*-algebra C* r (G), then there is necessarily a tdlc unimodular such group.
In this note we establish some tools to show that exactness and C*-exactness are equivalent for certain classes of groups, including groups that are not necessarily inner amenable. In section 3 we prove our most general result. In section 4 we study examples, and in particular apply our tools to classes of tdlc unimodular groups. In subsection 4.1 we study a class Author supported by NSERC Grant Number 401226864. of groups first considered by Suzuki [23] , where the author constructed examples of non-discrete C*-simple groups in this class. In subsection 4.2 we study tdlc groups which admit a conjugation invariant neighbourhood of the identity. These are precisely those tdlc groups whose reduced C*-algebras have non-zero center [16, Corollary 1.2] . In subsection 4.3 we show how to produce locally compact groups which are not inner amenable, but to which the methods in this paper apply. In subsection 4.4 we study a class of non-examples. Sven Raum, and Nico Spronk for helpful comments and stimulating discussions.
Preliminaries
Recall [14] that a locally compact group G is called exact if for every short exact sequence 0 → I → A → B → 0 of G-C*-algebras, the corresponding sequence of reduced crossed products is also exact. That is to say,
is an exact sequence of C*-algebras. Recall also that a C*-algebra C is called exact if for every short exact sequence 0 → I → A → B → 0 of C*-algebras, the corresponding sequence of spatial tensor products
is also exact. In the case where I, A and B are all equipped with the trivial action of G, the sequence of crossed products becomes
Hence, exact groups necessarily have exact reduced C*-algebra. We will say G is C*-exact if C* r (G) is an exact C*-algebra.
A priori, exactness appears to be strictly stronger than C*-exactness: there is no reason to expect the trivial action to capture all information about the exactness of G. Somewhat surprisingly, the two notions coincide for discrete groups [14, Theorem 5.2].
Theorem 2.1. If G is a C*-exact discrete group, then it is exact.
Groups with open amenable radical
In the following sections, we show that the equivalence of exactness and C*-exactness holds for classes of locally compact groups which properly contain all discrete groups. The following observation, while simple, is the key to bootstrapping Theorem 2.1 to the classes of groups considered in this note. Proof. Suppose G is C*-exact, and let N G be open and amenable. Since N is amenable, the left quasi-regular representation G ℓ 2 (G/N ) is weakly contained in the left regular representation. To see this, recall that the trivial representation 1 H is weakly contained in the left regular representation λ H since H is amenable, and then apply continuity of induction of representations to get the desired weak containment (e.g. [2, Theorem F.3.5] ).
Hence there is a surjective * -homomorphism C* r (G) → C* r (G/N ), and exactness of C*-algebras passes to quotients [24, Corallary 9.3] , so G/N is also C*-exact. But N is assumed to be open, meaning the quotient G/N is a discrete group. Theorem 2.1 then implies that G/N is an exact group, and we already know that N is exact as it is amenable. Since exactness is preserved by extensions [15, Theorem 5.1], we conclude that G is also exact.
Remark 3.2. Proposition 3.1 can be strengthened so that N is not necessarily open, but has the property that G/N is exact if and only if it is C*-exact. Calling a group admissible if it satisfies the equivalence, the statement can be strengthened as follows: extensions of amenable groups by admissible groups are admissible.
Locally compact groups admitting a tracial state on the reduced C*-algebra have received recent attention in [8, 12, 18] . The following corollary relates the existence of a trace to the exactness of G, and is in analogy with the implication (2) =⇒ (1) in Ng's characterization of amenability [18, Theorem 8] . Proof. The main theorem of [12] by Kennedy-Raum states that C* r (G) admitting a tracial state is equivalent to the existence of an open normal amenable subgroup in G. The result then follows from Proposition 3.1.
Example 3.4. Exact groups do not necessarily admit a trace on their reduced C*-algebra. In particular, the converse of this corollary does not hold. Take for example any non-amenable connected group, say G = SL 2 (R). Then C* r (G) is nuclear as G is connected, but it cannot also have a trace since G is non-amenable [18, Theorem 8] . However, we know by [15, Theorem 6.8] that connected groups are always exact.
The following theorem allows us to extend the class of groups to which our results apply. • For every i, there is a tracial state on C* r (H i ).
• The union i∈I H i is equal to G.
If G is C*-exact, then it is exact.
Since exactness is fundamentally a property of the ideal structure in reduced crossed products, we require the following technical fact about ideals in C*-algebras [3, II.8.2.4].
Lemma 3.6. Let A be a C*-algebra, and (A i ) i∈I a family of C*-subalgebras such that i∈I A i is dense in A. If J is any closed ideal in A, then J ∩ i∈I A i is dense in J.
We also note that if 0 → I → A q − → B → 0 is an exact sequence of G-C*-algebras, then it is easy to see I ⋊ r G ⊆ ker q G . Indeed, take an arbitrary compactly supported function f from the norm dense subset C c (G, I) ⊆ I ⋊ r G and notice q G (f )(x) = q(f (x)) = 0 for all x ∈ G since f (x) ∈ I = ker q. The inclusion I ⋊ r G ⊆ ker q G then follows by continuity of q G . We now give the proof of Theorem 3.5.
Proof of Theorem 3.5. Let G and (H i ) i∈I be as in the theorem statement.
Since each H i is an open subgroup we have the inclusion C* r (H i ) ⊆ C* r (G), hence if G is C*-exact then so is each H i . But each H i admits a trace, so Corollary 3.3 tells us that each H i is also exact. We show how exactness lifts up to G.
Let 0 → I → A q − → B → 0 be an exact sequence of G-C*-algebras. Restricting each G-action to H i , this is also exact as a sequence of H i -C*-algebras. Since H i is an exact group, then
is short exact. Using this fact, we will show that the corresponding sequence
Since i∈I H i = G, we have a norm dense inclusion i∈I A⋊ r H i ⊆ A⋊ r G. We may then apply Lemma 3.6 to ker q G to get i∈I ker q i = ker q G . But the H i were shown to be exact, hence each I ⋊ r H i = ker q i , which gives us the inclusion ker q G ⊆ I ⋊ r G as each I ⋊ r H i ⊆ I ⋊ r G. The opposite inclusion I ⋊ r G ⊆ ker q G was discussed before the proof.
Examples and non-examples
In subsections 1 and 2 we show, without using inner amenability, that C*-exactness implies exactness for certain inner amenable groups. In subsection 3 we describe a class of non-inner amenable groups to which our results apply. In subsection 4 we show that certain automorphism groups of trees are non-examples.
Exactness for Suzuki groups.
The following result shows C*-exactness implies exactness for a class of tdlc groups considered by Suzuki in the context of C*-simplicity [23] . 
Example 4.2. Suzuki describes a general construction in [23] . For each n ∈ N, let Γ n be a discrete group and let F n be a finite group acting on Γ n by automorphisms.
We view the direct sum ∞ n=1 Γ n as a discrete group, and the direct product ∞ n=1 F n as a compact group with the product topology. Defining the action
Proof of Proposition 4.1. Since each L n has a compact (hence amenable) open normal subgroup K n , it has a trace by [12] . Hence if G is C*-exact then it is exact by Theorem 3.5.
The groups of Proposition 4.1 are inner amenable. Indeed, for each n there is a conjugation invariant mean on L ∞ (L n ) given by φ n (f ) = Kn f since K n is normal in L n . Extending the φ n to L ∞ (G) and picking a weak* cluster point of the sequence (φ n ) n≥1 produces a conjugation invariant mean on L ∞ (G).
Since exactness of groups is preserved by closed subgroups and by extensions, and since exactness of C*-algebras is preserved by quotients, we have G is exact if and only if each L n /K n is exact. By Proposition 4.1, we know this corresponds also to C* r (G) being exact. In the language of Example 4.2, this means G is exact if and only if each Γ n is exact.
Exactness for IN groups.
We now study exactness for tdlc groups with an additional topological property: we say a locally compact group G is an IN group (invariant neighbourhood group) if there is a compact neighbourhood U of the identity which is invariant under conjugation, i.e., for every g ∈ G we have gU g −1 = U . A closely related property is when G admits a neighbourhood base at the identity consisting of conjugation invariant sets. In this case we say that G is a SIN group (small invariant neighbourhood group).
Remark 4.3. It is easy to show that an IN group (resp. SIN group) G is necessarily unimodular: letting m denote the Haar measure on G, and setting U to be an invariant compact neighbourhood of the identity, we have gU = U g for all g ∈ G. Hence ∆(g)m(U ) = m(U g) = m(gU ) = m(U ) for all g, implying the modular function ∆ is constantly equal to 1.
From this it is clear that IN groups, hence SIN groups, are inner amenable. To see this, fix a conjugation invariant compact neighbourhood U ⊆ G of the identity, and define φ :
We will make use of the following structure theorem [21, 12.1.31], which strongly relates IN groups to SIN groups. It was originally proved by Iwasawa in [11] . To see this, note that the map q : G → G/K is proper as the quotient is by a compact subgroup. So we may fix any invariant compact neighbourhood U of the identity in G/K, and the preimage q −1 (U ) is an invariant compact neighbourhood of the identity in G.
Lemma 4.6. Let G be a tdlc SIN group. Then G admits a neighbourhood base at the identity consisting of compact open normal subgroups.
Proof. We will show that every compact open subgroup contains a compact open normal subgroup. Since the compact open subgroups form a neighbourhood this will complete the proof.
Let K 1 ≤ G be a compact open subgroup. Then there is a conjugation invariant neighbourhood U of e with U ⊆ K 1 , and there is in turn a compact open subgroup K 2 ⊆ U . Since U is conjugation invariant, then we have the containment g∈G gK 2 g −1 ⊆ U ⊆ K 1 , hence the open normal subgroup K generated by the conjugates g∈G gK 2 g −1 is also contained in K 1 . As an open, hence closed, subgroup of a compact group, this implies K ⊆ K 1 is also compact.
The following structural fact is probably well known, but we were unable to find a reference.
Proposition 4.7. A topological group G is tdlc and SIN if and only if there is an inverse system (Γ
Proof. If G is tdlc and SIN, there is a neighbourhood base of compact open normal subgroups by Lemma 4.6. Ordering this normal neighbourhood base (K i ) i∈I by reverse inclusion gives us an inverse family (G/K i ) i∈I of discrete groups, with connecting maps φ ij : G/K i → G/K j whenever i > j. Since each K i is both compact and open, the φ ij all have finite kernel, i.e., | ker φ ij | < ∞. It is routine to check that G is isomorphic to the inverse limit lim ← G/K i ⊆ i G/K i with the relative product topology.
Suppose conversely that G is isomorphic to an inverse limit lim ← Γ i with respect to the relative product topology, as described in the proposition statement. Viewing G as a subgroup of i Γ i , the subsets Example 4.8. Fix a finite group F and a non-exact discrete group H (interesting examples of non-exact groups may be found in [17, 19] ). Then define G = H F ⋊ H, where H acts by left translation on the compact group H F . It is clear that G is an extension of the profinite group H F by the discrete (hence tdlc SIN) group H, hence G is a tdlc IN group.
However, it is not SIN: take any basic neighbourhood U of the identity e in H F , then some element of U may be left-translated outside of U . This means that U is not invariant under conjugation by elements in H.
Moreover, G is non-exact as H is a non-exact closed subgroup [14, Theorem 4.1]. This gives a tdlc IN group which is not SIN and non-exact. Proposition 3.1 together with Lemma 4.6 immediately gives us the equivalence of exactness and C*-exactness for tdlc SIN groups.
Corollary 4.9. Let G be a tdlc SIN group. If G is C*-exact then it is exact.
The main result of this section now follows quickly using structure theory of IN groups.
Theorem 4.10. Let G be a tdlc IN group. If G is C*-exact then it is exact.
Proof. By Theorem 4.4, G has a compact normal subgroup H so that G/H is a SIN group with the quotient topology. Since H is compact it is also amenable, so we get a surjection C* r (G) → C* r (G/H) as in the proof of Proposition 3.1.
Since exactness passes to quotients [15, Theorem 5.1], G/H is also C*-exact. By Corollary 4.9 this implies G/H is exact, hence G is exact as an extension of a compact group H by an exact group G/H. Example 4.12. Let G := SL 2 (Q p ), where p is any prime and Q p denotes the set of p-adic rationals. Then G is generated by its commutators, hence it is necessarily unimodular. However, G is not IN: it is routine to show that all points other than I 2 and −I 2 can be conjugated arbitrarily far from I 2 . Although this example is not IN, it is a linear group hence exact [10] .
4.3. Non-inner amenable groups. In this subsection we outline conditions that allow us to construct a non-inner amenable group G with an open amenable normal subgroup. The result of this section was inspired by [8, Remark 2.6 (ii)]. By Proposition 3.1 these groups are exact if and only if they are C*-exact, but since they are not inner amenable we cannot conclude this equivalence from Anantharaman-Delaroche's [1, Theorem 7.3]. Proof. Suppose φ is a conjugation invariant mean on N ⋊ H. Since the only conjugation invariant mean on H is evaluation at the identity, then φ must concentrate on N . Thus we may view φ as a mean on N which is invariant under the action of H, a contradiction.
Example 4.14. It was proved in [8, Remark 2.6 (ii)] that R 2 and F 6 ⊆ SL 2 (R) satisfy the hypotheses above, and hence that R 2 ⋊ F 6 is not inner amenable.
To produce a non-exact example, simply let H be any non-exact discrete group and let H act on R 2 trivially. Then the semi-direct product R 2 ⋊ (F 6 * H) is non-exact, and it is also not inner amenable since by [7, Theorem 1.1] the only conjugation invariant mean on F 6 * H is evaluation at the identity. Fixing a vertex b ∈ V (T d ) and an integer n ≥ 1, we denote by B n (b) the ball centred at b of radius n in the path metric. The set of fixators K n := Fix Aut(T d ) (B n (b)) forms a sequential neighbourhood base at the identity.
We will show that certain Burger-Mozes groups [5] in Aut(T d ) are too geometrically dense for our results of section 3 to apply. For a good introduction to Burger-Mozes groups see [9, Section 4] . We will denote by Proof. Let N be a non-trivial normal subgroup of U (F ). Since U ({e}) is geometrically dense so is U (F ), hence N is geometrically dense by [9, Lemma 2.10] as it is non-trivial and normal in U (F ). Using [9, Lemma 2.9] and applying the ping pong lemma, one can produce a closed copy of F 2 in N , proving it is non-amenable.
In particular, the amenable radical is open if and only if U (F ) is discrete. This result implies that the only Burger-Mozes groups admitting a tracial state are the discrete ones, which is precisely when the action F {1, . . . , d} is free [9, Proposition 4.6 (v) ]. Proof. By Proposition 4.16, the amenable radical of U (F ) is trivial, and since F {1, . . . , d} is not free then U (F ) is non-discrete. Hence the amenable radical is not open, and by [12] this implies there is no tracial state on C* r (U (F )).
This means that Corollary 3.3 cannot be applied to this class. We would then like to determine whether we can write U (F ) as a union L n of open subgroups with open amenable radical so that we may apply Theorem 3.5.
Notice that if one of the L n is geometrically dense, then by the proof of Proposition 4.16 it has trivial amenable radical, hence does not have a trace if it is non-discrete. So if we would like to show that the L n cannot all have open amenable radical, then it suffices to show that at least one is geometrically dense.
Remark 4.18. For any subgroup F ≤ S d , the group U (F ) is compactly generated. Hence, if we write U (F ) = L n as an increasing union of open subgroups L n ≤ L n+1 then the sequence eventually terminates at some L N . Since U (F ) is itself geometrically dense, this says that we can never write U (F ) as an increasing union of open subgroups which are not geometrically dense.
The condition on the action F {1, . . . , d} described in the following proposition is a strong converse to freeness. Proof. Let b denote the root of Y , i.e., the unique vertex with degree d− 1 in Y . Fix a legal labelling [9, Section 4] of T d so that, without loss of generality, the deleted edge at b has the label d. We define a map φ : ∂Y → {(j n ) n≥1 ∈ {1, . . . , d} N | j 1 = d, j n = j n+1 for all n ≥ 1} by sending x to the sequence φ(x) = (j n ) n≥1 , where j n denotes the label of the n th edge along the geodesic ray [b, x) joining b to x.
The map φ is a bijection, and it is a homeomorphism when the codomain is equipped with the topology of point-wise convergence. Now, given any two ends x, y ∈ ∂Y with φ(x) = (j n ) n≥1 and φ(y) = (i n ) n≥1 , we show how to produce a sequence (
Since St F (d) {1, . . . , d − 1} is transitive, there is h 1 ∈ Fix U (F ) (T d \ Y ) so that the first entry of φ(h 1 · y) is j 1 . Similarly, if e n is the n th edge along [b, x), and if φ(x) and φ((h n · · · h 1 ) · y) agree on the first n entries, then by transitivity of St F (j n ) {1, . . . , j n − 1, j n + 1, . . . , d} there is h n+1 ∈ Fix U (F ) (T d \ Y ) so that φ(x) and φ((h n+1 · · · h 1 ) · y) agree on the first n + 1 entries.
Setting g n = h n · · · h 1 ∈ Fix U (F ) (T d \Y ), we then have convergence g n ·y → x. This proves that the action is minimal. Since the union L n is equal to U (F ), then there is some N so that L N contains a hyperbolic element h, and since L N is assumed to be open, then it must contain the fixator Fix U (F ) (B n (b)) for some n ≥ 1.
Let a h ∈ ∂T d be the attracting point of h, and without loss of generality assume it is in ∂Y 1 . Let x ∈ ∂Y i be any other end, then by Lemma 4.20 we may assume x is not the repelling point of h. Hence we may find m large enough that h m x ∈ ∂Y 1 as ∂Y 1 is open, and again by Lemma 4.20 we may send this end to a h .
This proves the action of L N is transitive on ∂T d , a similar argument shows that the set of ends arising as attracting points of hyperbolic elements in L N is all of ∂T d . Since any L N -invariant subtree must contain the axes of all hyperbolic elements, then there are no proper L N -invariant subtrees. This proves L N is geometrically dense.
Example 4.21. For d ≥ 4, the alternating subgroup A d ≤ S d satisfies the hypotheses of the previous result. Indeed, fix l ∈ {1, . . . , d} and pick distinct i, j ∈ {1, . . . , l − 1, l + 1, . . . , d}. Then, since d is at least 4, there is k = i, j, l hence the 3-cycle (ijk) fixes l and is in A d . Moreover, (ijk) sends i to j, proving that the point stabilizer of A d at l is transitive.
